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BO3HUKHOBeHMue
CTAaTUCTUYECCKOM
NINH3bI NPU yyeTe
Koppensauum BOJIHEHUN
C/ly4auHO HepOBHOM
NOBEPXHOCTU

B.II. Bydak, A. B.Tpumaiino
HauuoHanbHblii uccaedosamenbckuil yHugepcumem «MOH»,
Mockesa, Poccus

CTaTbsl NOCBSALLEHA MOAEMPOBAHUIO UJTyHaiHO
HEepOBHOWM NOBEPXHOCTU C Y4ETOM KOppensiLmum
YKI0HOB. MNpuBeaeHbl pakTbl HAbAOaEHNS
noaBoAHOro pesibeda 13 KOCMOCa, a TaKkxke
npep/i0XeHo 06bCHEeHME Ha OCHOBE NPeAnosIoXKeHUs
0 BO3MOXXHOCTM POPMUPOBAHUS HA MOBEPXHOCTU
BO/bI CTaTUCTMYECKOW JINH3bI. ONnUcaH MeTop,
CNeKTPasIbHOro NpeaCcTaB/IeHUs], KOTOPbIV NO3BOISET
CTPOUTb C/Ty4anHble MOBEPXHOCTU C 334aHHON
KOppesIILMOHHOM PpyHKLMEN. [laHHbIN MeTop,
peanusoBaH B NnporpaMmmMHoun cpeae MATLAB. Ans
npoBepKU NporpamMmMbl BOCNpousBeaeH penbed
CD-ROM, nosy4yeHHbIN C NOMOLLbIO AaTOMHO-
cuao0BOro MuKpockona. B kayectse cnegytolero
wara cMogenMpoBaHa B3BO/IHOBaHHas
NoBepXHOCTb BOAbI, KOTOpas BO3AeNCTBYeT

Ha npoxopagune ay4um nogo6HO peasibHOMN
ONTUYECKOW NNH3e. NMoslyyeHHble pe3yabTaThbl
NoATBEPXAAIOT BO3MOXHOCTb GOpMUPOBaHUS
Ha NOBEPXHOCTU MOpel U OKeaHOB FMraHTCKUX
NNH3, 6naropaps KOTOpPbIM MOXHO passiMyaTb
Tonorpa¢duio gHa u3 KocMmoca.

KntoyeBble c/1oBa: C/ly4alHO HePOBHAs MOBEPXHOCTb,
KOPpenaums yKIOHOB, CTAaTUCTUYECKAS IMH3a
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BBEAEHUE

B aBrycte 1965 roma, BBIIIOJHSA MHCCHIO [IKe-
MHHH-5, aMepHUKaHCKHMH acTpoHasT JI.I.Kymep
cMor HabnaoIaTh MOABOAHBIN peyibed CKBO3b
TOJIIY BoAbl. B uToroBoMm oTueTe [1] 0 MHCCHUHU OH
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Statistical Lens
Development When
Taking Into Account
Wave Correlation of
Randomly Uneven
Surface

V.P.Budak, A. V. Grimailo
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Institute”, Moscow, Russia

The article is devoted to modelling a randomly
uneven surface, taking into account the
correlation of slopes. The facts of observation
of the underwater relief from space are
presented, and an explanation is proposed
based on the assumption that a statistical
lens can form on the water surface. A spectral
representation method is described, which
allows one to construct random surfaces with
a given correlation function. This method

is implemented in the MATLAB software
environment. To check the program, the relief
of the CD-ROM was reproduced, obtained
using an atomic force microscope. As a next
step, a disturbed water surface is simulated,
which acts on the transmitted rays like a real
optical lens. The results obtained confirm the
possibility of the formation of giant lenses on
the surface of the seas and oceans, thus helping
to distinguish the bottom topography from
space.
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INTRODUCTION

In August 1965, on the Gemini 5 mission, the Amer-
ican astronaut L. G. Cooper was able to observe the
underwater relief through the water column. In
the final report [1] on the mission, he reported that
the topography of the coastal bottom and the struc-
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COOBIIMII, 4TO C KOCMHYecKOH opbuThI Oblna pas-
AUYHMa Tonorpadus NpubpesKHOro JHA U CTPYK-
Typa MOABOAHBIX Te4eHHUH BOIM3H IOTyOoCTPOBa
KanudopHus.

HauwmHasi c 3Toro BpeMeHH OBbIJIO HaKo-
mieHo OosblIoe KOJIHYEeCTBO ITOAOOHBIX CBHIe-
TenbCTB. Tak, B HioHe 1970 roma A.T.HwukosaeB
1 B.H.CeBacTpsiHOB Ha 60pTy KOCMHYECKOIO
Kopabsist «Cor03-9» IIepBBIMH K3 COBETCKUX KOCMO-
HaBTOB CTOJIKHYJIHCh C 3TUM siBleHHeM [2]. OHH
yBHUENTH, KaK IO)KHOAMEPHKAHCKHH KOHTHHEHT
yCTyIlaMH OIIyCKaeTCs B OKeaH M KaK M3 KOCMoca
B OKeaHe IIPOCMATpHBaeTCs IIPOLOJIKeHHe peKH
AmasoHka. Ilocime sToro 6sm110 3adHKCHPOBAHO
elre HeCKOJbKO MOAo6HBIX cay4yaes [2]:

e B amrycre 1974 ropma T.B.CapadaHoB

u JI.C.JemuH Habnogaid Ha TIaybHHax
B COTHH MeETPOB OHO Mo03aMOHKCKOIO IIpO-
MuBa, KOTOPBIM OTHAessieT oCTpoB Mapara-
CKap OT KOHTHHeHTa APpHKa;

B HIOHe 1975 roma I1. M. KnuMmyk #1 B. H. CeBa-
CTBSIHOB IIPH IIpojieTe HaJ AT/IaHTHYe-
CKMM OKeaHOM OT ocTpoBa Hpio-®ayHpjeH[
n0 KaHapCKMX OCTPOBOB XOPOIIO BHAEIH
OKeaHCKHe TeueHMs M JHO OKeaHa B palioHe
MeJIeH;

e B HIOHe 1978 roza 4jeHBE OCHOBHOTO 3KHITIaykKa
BTOPOH 3KCIeIUIIMH OpOUTANIPHOM CTAHIIMH
«CanoT-6» B.B. KoBaneHok ¥ A. C. UBaHYeH-
KOB Habmmoomanu MOABONHBIM penbed OHA
Tuxoro okeaHa Ha I1ybHHAX 10 YeTBIPEXCOT
MeTpOB.

B KavecTBe HaIJISOHOILO IpHUMepa 3TOro
SBJIeHHSI MO’KHO IIPHBeCTH CHHMOK [3] ceBepo-
BOCTOUHOM dYacTu Kacmuruckoro mopst (puc. 1),
IIOJIyYeHHBIM CO CIIYyTHHMKA. B 3TOH MeJIKOBOJ-
HOM 30He C I1y6MHaMU [0 ISITH-BOCBMU METPOB
XOPOIIO OTpa3uiics penbed OHA.

B HacTosilmee BpeMsi Takod 3QPeKT He SIBIS-
eTcs elle OO KOHIIA M3y4YeHHBIM, a Cpelu Bep-
CHMH O INPHYMHAX ero BO3SHHUKHOBEHHS He/b3s
BBI€INTh eJUHCTBEHHO BepHyK. IIo MHeHHIO
aBTOPOB, HaHubojlee BePOSITHOM M3 HUX IIPelCTaB-
JISIeTCSL BepCHsl, CBA3aHHAas C GOpMHPOBAHHEM
TaK Ha3blBaeMOM CTAaTHCTHU4YeCKOM (MM CTOoXa-
CTHYeCKOM) JIMH3Bl - COCTOSIHHMEM, IIPH KOTOPOM
B3BOJIHOBAHHAas IOBEPXHOCTb BOABI BO34HUCTBYeT
Ha IIPOoXofsIlre CKBO3b Hee JIYUH CBeTa I10A06HO
peanbHOM OIITHYeCKOM JIMH3e.

H3ydeHHe 3TOro siBleHHs] TeM 6ojlee BaskKHO,
YTO OHO MOXKET ChITPaTh 3HAYMTE/IIbHYIO POJIb IIPHA
pelIeHHuH MHOTHX IPYyrHUX IpobieM, CBSI3aHHBIX
C IIepeHOCOM H3Iy4deHHsi. OZHOM K3 Hauboiee
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ture of underwater currents near the California
Peninsula were discernible from space orbit.

Since that time, a large amount of similar evi-
dence has been accumulated. Thus, in June 1970,
A.G.Nikolaev and V.I. Sevastiyanov, aboard the
Soyuz 9 spacecraft, were the first Soviet cosmonauts
to encounter this phenomenon [2]. They saw how
the South American continent descends into the
ocean, and how the continuation of the Amazon
River is visible from space in the ocean. After that,
several more similar cases were recorded [2]:

« in August 1974 G.V. Sarafanov and L. S. Demin
observed at depths of hundreds of meters
the bottom of the Mozambique Strait, which
separates the island of Madagascar from the
continent of Africa;

e in June 1975, P.I.Klimuk and V.I. Sevastiya-
nov, when flying over the Atlantic Ocean from
New Foundland Island to the Canary Islands,
clearly saw the ocean currents and the ocean
floor in the shallow area;

e in June 1978, members of the main crew of
the second expedition of the Salyut-6 orbital
station V.V.Kovalenok and A S.Ivanchenkov
observed the underwater topography of the
Pacific Ocean floor at depths of up to four
hundred meters.

As an illustrative example of this phenomenon,

one can cite a satellite image [3] of the northeast-
ern part of the Caspian Sea (Fig. 1). In this shal-

Puc. 1. CeseposocmoyHas yacmb Kacnulickozo mops [3]
Fig. 1. North-eastern part of the Caspian Sea [3]
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Ba’KHBIX, B KOHTEKCTe [JaHHOro O0b6CyKoeHHS,
SIBJISIETCS 33/laya IIOCTPOEHMSI MOJEeIN OTPa’karo-
el ITI0OBEePXHOCTH.

ITpu ee co34aHHUHU Ba’KHO YUYHUTHIBATh, YTO CBET
OTpa’kaeTcsi He TOJBKO OT IpaHel I10OBEpPXHOCTHU
MaTepuana, HO U OT caMoro obbeMa MaTepH-
aja: cBeT IpPOHHKAaeT B IIOAIIOBEPXHOCTHEHIE
CJION BelllecTBa, I/le paccerMBaeTCsl Ha 4aCTHUIAX,
a 3aTeM CHOBA BBIXOJUT B OKPY>Kalollee IPOCTPaH-
cTBO. ITIoaTOMY Haubosee MOAXOASIIHNM CIIOCOOOM
IIOCTPOEeHHSI MOJe/NH OTPaskalolllel IMOBePXHOCTU
IIPe/ICTABIISIETCSl ee MHTepIpeTallds B BHUIEe pac-
CeHBaIOLIero Cja0si, OrPAaHHYEHHOr0 CHH3y OH-
by3HON MOAIOXKKOM, a CBEPXY — CIy4alHO HepOB-
HOU QpeHeIeBCKOM I'PaHHIlel [4].

H3BecTHO MHoOro paboT, 3aTparuBarOIIMX
BOIIPOC IIOCTPOEHHU S C/Iy4alHO HePOBHOM I10BePX-
HocTu (CHII), B TOM 4YHMCIe U C y4yeToM KOp-
pensiiuu ykiaoHOB (HampuMmep [5, 6]). Hecmo-
Tpsl Ha Hu3o0bunue nomobHbIX paboT, O CHUX IIOP
He OBUIO IIpPOBENEHO NeTAJIbHOTO HCCIeJOBAHMUS
TOro, Kak y4yeT KOPPeISLIKH BJIHsieT Ha IIPOXOK-
JeHHs U31ydeHUd depe3 CHII. Ilenpio HacTogIeHl
paboThl SABIsIeTCSI OTBET HA JAHHBIH BOIIPOC.

NMOCTPOEHUE KOPPEJIMPOBAHHOM
C/IYYAWNHO HEPOBHOWM MOBEPXHOCTU
Jis MoOelHMPOBAaHUSL CAYYaHMHO HEPOBHOH
[IOBEPXHOCTH MBI HCIIO/JIb30BAJIKM MeTOJ CIIeK-
TpaJIbHOrO IIpefcTaBleHHs. OCHOBHasg HAes
JAHHOIO0 MeToAa [7] COCTOMT B IOJAyYeHHUH UMC-
JIeHHOM MOJe/IH CJIy4aHHoro mnpoiecca x(t) ¢ Kop-
pensuroHHON QyHKIMeHn B(x) myTeM aIIpOKCH-
MallMH CTOXaCTH4YeCKOTo HHTerpasaa

x(t)= [ cos(t)&(dn)+ [ sin(tr)n(d),
B(x) = [ cos(th)v(dn),

roe §(dA), n(d\) - BemjecTBeHHBIe OPTOTOHAJIb-
Hble CTOXaCTUYeCKHe Mephbl Ha II0IyocH [0,+00);
v(d\) =2p(dN); €(dN)=2Req(dN); n(dA)=-2ImZ(dN);
¢(d\) - cToxacTuuecKas CIeKTpajabHAs Mepa IIpo-
mecca x(t).

B paccmatpuBaeMoM ciydae 651710 Heo6X0AHMMO
IIOCTPOUTHh UYHCIEHHYI0 MOZeIb KOPPeIHpPOBaH-
HOHM CJIy4aHHO HEPOBHOM IIOBEPXHOCTH, KOTO-
PYIO MOKHO pacCMaTpHUBATh KaK OLHOPOLHOE K30~
TPOIIHOE C/Iy4YarHoe I10JIe Ha IIJIOCKOCTH.

O6o3HauumM W(x) ciaydanHOe BellleCTBEHHOE
Iojie C KOppeasiLHOHHOM QyHKUHeH B(x), Ans
KOTOPOY 3aJ]aHO B 061eM cllydae pasiosKeHHe
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low water zone with depths of up to five to eight
meters, the bottom topography is well reflected.

Currently, this effect is not yet fully studied, and
among the versions about the causes of its occur-
rence, it is impossible to single out the only true
one. According to the authors, the most probable
of them seems to be the version associated with the
formation of the so-called statistical (or stochastic)
lens, a state in which the agitated surface of water
affects the light rays passing through it like a real
optical lens.

The study of this phenomenon is all the more
important because it can play a significant role
in solving many other problems associated with
radiation transfer. One of the most important, in
the context of this discussion, is the task of build-
ing a model of a reflective surface.

When creating it, it is important to take into
account that light is reflected not only from the
edges of the surface of the material, but also from
the bulk of the material itself: the light penetrates
into the subsurface layers of the substance, where
it is scattered on particles, and then exits back into
the surrounding space. Therefore, the most appro-
priate way of constructing a model of a reflecting
surface is its interpretation in the form of a scat-
tering layer bounded from below by a diffuse sub-
strate, and from above by a randomly uneven Fres-
nel boundary [4].

There are many papers that touch on the issue
of constructing a randomly uneven surface (RUS),
including taking into account the correlation of
slopes (e.g., [5, 6]). Despite the abundance of such
works, so far no detailed study has been carried out
on how taking into account the correlation affects
the transmission of radiation through the RUS. The
aim of this work is to answer this question.

PLOTTING A CORRELATED RANDOMLY
UNEVEN SURFACE

We used the spectral representation method to
simulate a randomly uneven surface. The main idea
of this method [7] is to obtain a numerical model of
a random process x(t) with a correlation function
B(x) by approximating the stochastic integral

x(t)= [ cos(t)&(dn)+ [ sin(tr)n(d),
B(x) = [ cos(th)v(dn),

where §(dA), n(d\) are real orthogonal stochastic
measures on the semiaxis [0,+); v(dA\)=2p(d\);
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B(x)= [ cos(Ax)p(2)dn, (1)
0
roe p(A) - coeKkTpajabHas IJIOTHOCTb; X,AeR,.
Hanee myst 6onee mpocroro Buaa dopmyn bymem
CUHUTaTh, YTO MaTeMaTHYeCKoe OXHAAHHUe
M¥(x)=0, a gucmepcust D¥(x)=1.
B cliy4ae KOHEYHOTO CIIeKTpa, TO eCTh KOrja

N
X)= szpk cos(A,x),

TpebyeMoe mone W(x) MOXKHO IIOCTPOUTH [8]
o popmyiie

N
- ’21‘ e [gk sin(A,x

rae (§k, nk) - He3aBHCHMBIe B COBOKYITHOCTH CTaH-
JapTHBIe TayCCOBCKHE CAy4YaHHble BeJIHYHHBI;
k=1,2,..,N.3T10 ImpencTaBleHHe MOXXHO HCIIO/Ib-
30BaTh IS IIOCTPOEHMS IO/ C HeIlpepbIBHBIM
CIIEKTPOM Ha OCHOBe KaKOH-TH60 KBaJApaTypHOH

bopmynsl

Jmcosi)], @

A)dh = ipk cos(A,x)

k=1

=Icos(kx)p(

C HEOTpH L ATE€JIbPHBIMH KOBCI)CI)I/IL[I/IQHTaMI/I, CyMMa
KOTOPBIX paBHA € JHHHIIE.

Pa3obreM mPpoOCTPaHCTBO R, Ha yactu Dy, ..., Dy
U IyCTh CAy4alHBle TOYKH A, ...,Ay pacmopene-
JIeHBL B O3THUX YacTIX B COOTBETCTBUU

C IIJIOTHOCTAMH

p(M)=p(A)/ [ p(A)dr, XeD, .

Dy

Torga B cuiy (1) uMeeM

N
X)= M;Pk Cos(kkxk)’ b= JP(X)dX
K= Dk

YacTo NpHU pelleHHUH NPaKTHUYeCKHUX 3afad U3y-
YaeMble CBOMCTBA peLIeHHUsI C HeoOXOOqUMOH To4-
HOCTBIO BIIOJIHE OIIpefe/IsiIloTCSI KOPPelIsLHOHHON
dyHKUIHen HcxomgHoro mons [8]. B aTom ciydae
MOKHO cuuTaTh N=1, D;=R,.

PaccMOoTpuUM [Jajee KOHKPeTHBIM IIpHUMeEP
MO e/JTHPOBAHHUS CIY4alHO HEPOBHOM IIOBEPXHO-
CTH C KOppeIsILHoHHOM dyHKIHeH B(r) =exp(-kyr),
rae k, - MocTossHHAS U r?=x?+y?. YYUTHIBas Ipen-
rosjiaraemMylo U30TPOIIHOCTb Cy4YalHO HEPOBHOU
IIOBEpPXHOCTHU (TO eCTh HaJH4YHe OCeBOM CHUMMe-
TPUH), IIePexXOoAHUM OT KOCHHYC-IIpeobpa3oBaHUS
dypre K npeobpaszoBaHHUIO [aHKensi. B aTom ciy-
4Jae CIIeKTpalbHOE pa3jio’KeHHe KOPPeISILMOHHOHN
byHKUKH B(r) IpuHHUMaeT CJleAyIOM UK B

=

€(d\)=2Rel(dN); n(d\)=-2ImZ(dN); {(dN) is the
stochastic spectral measure of the process x(t).

In the case under consideration, it was neces-
sary to construct a numerical model of a correlated
randomly uneven surface, which can be consid-
ered as a homogeneous isotropic random field on
a plane.

We denote as W(x) a random real field with the
correlation function B(x), for which the expansion
is given in the general case

B(x)= _[cos(kx)p(x)dk, ¢y
0
where p(}) is the spectral density; x, AeR,. Further,
for a simpler form of formulas, we will assume
that the mathematical expectation M¥(x)=0, and
the variance D¥(x)=1.
In the case of a finite spectrum, that is, when

N
X)= ;Pk cos(n,x),
the required field W(x) can be constructed [8] by the
formula

N
=kz; pk[gksin(xkx)+nk cos(k,{x)], )
where (§k, nk) are collectively independent stan-
dard Gaussian random variables; k=1, 2, ..., N. This
representation can be used to construct a field with
a continuous spectrum based on some quadrature
formula

A)dh = ipk cos(A,x)

B(x)= _[cos(kx)p(
0 k=1
with non-negative coefficients, the sum of which
is equal to one.
We split the space R, into parts Dy, ..., Dy and let
random points A, ...,Ay be distributed in these
parts according to the densities

p (A /IP %, LeD,.

Then, by virtue of (1), we have:

B(x MZ Pcos(hx, ), J p(x

k=1 D,

When solving practical problems, the studied
properties of the solution are often determined
with the required accuracy by the correlation func-
tion of the initial field [8]. In this case, we can
assume N=1, D;=R,.

Let us further consider a specific example of
modelling a randomly uneven surface with the
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B(r)=[p(})Wo(rh)dn,
0
roe J, - dyHKRUIMA Beccess mepBoro poaa.

IIpoBeas cTaHAApTHBHIE OIlE€PaLlMH M BOCIIOJIb-
30BaBIIMCh [9, 10], MOXHO mony4YuTh GOpMyny,
KOTOpas INpHUMeT OKOHYaTelIbHBIH BHU[, €C/IH BBe-
CTU yCpeJHeHHEe II0 peajH3alusMH H Mpenyc-
MOTpeTh C1ydar, Korga DW(x)=1. C 3TuM mpeob-
Pa3oBaHHMSMH BBIpaKEHHE /I MOIETHPOBAHUSA
W(x, y) 3allMIIeTCs KaK

\P(x,y)=ﬁ§«/—21na:n X
BZ

><cos[k0 T (xcos2my,, +ysin2my, )-2na |, (4)

m

rae g - CTaHAapTHOE OTK/IIOHEHHE.

NMPOrPAMMHASA PEAJIU3ALNA
MOJE/IN N AHANIN3 PE3YJIbTATOB
[IpensioskeHHAs B IIpeAplAyIleM pasfesie MoOAesb
IIOCTPOeHHSI KOPPeJIUPOBAaHHOM C/IY4alHO HepPOB-
HOM IIOBEPXHOCTH O6BLIa peasHd30BaHa B IIPO-
rpaMmMHou cpene Mathworks MATLAB. OpHaxo,
4TOOBI CHenaTh SJAHHYI0 MoJenb boee «rHOKOM”,
OKOHYaTeJbHBIHM BHJ, MOBepXHOCTH Wy(x,y) CTpo-
HUTCS B BHJe HaJoXeHUs (CYIepIO3HIHUH) ABYX
nosepxHocTer ¥, u ¥,, mosy4eHHBIX 10 opMmyIe
C Pa3HBIMHU IIapaMeTpaMHU

Wilx, y) =W, y|w) +¥(x,y|w,),

rme ® - TO4YKa B
O={M, g, ky}.

Takass MoguUKaL K JaeT BOSMOXKHOCTD ITyTeM
nmonbopa Tex MM HHBIX IIapaMeTpPOB CTPOHUTH
IIOBepPXHOCTHU Pa3/IMYHOIO BHOa, KOTOPHIe coXpa-
HSIOT CBOM CTAaTHCTH4YeCcKHe CBOMCTBAa. Hampwu-
Mep, TaKUM 006pa3oM MOKHO IOCTPOUTH IATKO
OTHUIMGOBAHHYIO 3€pKaJIbHYIO IIOBEPXHOCTh HIIH
B3BOJIHOBAaHHYIO IIOBEPXHOCTb OKeaHa C MeJIKOH
psibbio.

YT1o6Bl IIPOBEPHUTH IIPABHUIBHOCTE PabOTH
IIporpaMMBl, MOJY4eHHOH IIOCAe peanH3aluu
Mmomenu B MATLAB, U OLIeHUTHh €e BO3MO>KHO-
CTH, HaMH 6BLJI BOCIIPOU3BeZieH peibed peanbHOH
IIOBEPXHOCTHU C IIOMOIIBIO aTOMHO-CHJIOBOTO CKa-
HUPYIONIero MHKpPOCKoIla. B KadecTBe obpasua
IJ1s1 3KCIIepHMMEeHTa MCIIONb30BaJcsa GparMeHT
noucka CD-ROM. Huske mpuBeneH HonyquHbH?I
penbed moBepxHOCTH obpasua (puc. 2).

da3oBoM MIpPOCTpaHCTBE
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correlation function B(r)=exp(-k,r), where k, is
a constant and r’=x>+y2. Taking into account the
assumed isotropy of a randomly uneven surface
(that is, the presence of axial symmetry), we pass
from the cosine Fourier transform to the Hankel
transform. In this case, the spectral expansion of
the correlation function B(r) takes the following
form

B(r)=[p(M)A], (rh)dn,
0

where ], is the Bessel function of the first kind.

Carrying out standard operations and using [9,
10], one can obtain a formula that will take its
final form if we introduce averaging over realiza-
tions and provide for the case when D¥(x)#1. With
these transformations, the expression for model-
ling W(x, y) is written as

¥(x,y)= ﬁgw/—zlna; X

2
IBTSZ (xcos2ny,, +ysin2ny, )-2moy |, (4)

m

X cos{k0

where ¢ is the standard deviation.

SOFTWARE IMPLEMENTATION OF THE
MODEL AND ANALYSIS OF RESULTS

The model proposed in the previous section for
constructing a correlated randomly uneven surface

38 HM
38 nm

Puc. 2. Penbed nogepxHocmu CD-ROM, nony4eHHbIl ¢ nomo-
Wb AMOMHO-CUA0B020 MUKPOCKONA

Fig. 2. Relief of the surface of the CD-ROM, obtained using
an atomic force microscope
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[is monydeHus moBepxHocTH Wi(x,y) moxo-
5Kero BUa, GbUIM IMOJ0OpaHBI ClleAyIONIHe Ilapa-
MeTPHL ©; U 0,:

w;={M=1, 0=2, k,=1,09},
w,={M=100, 0=0,6, ky=1}.

OnmHa M3 peajM3allMH IIOBEPXHOCTH, IOJy4YeH-
HOM C TAKMMH IapaMeTpaMHM, MOXKeT HMeTh BHU/,
KOTOPBIH IIPeACTaBIeH Ha PHUC. 3.

CnenyoNMM IIaroM SIB/IsSeTCs MoA60p TaKHX
rnmapameTtpoB CHII, Ipu KOTOPBIX MOSKHO 6bLIO OB
HabnoAaTh IOSB/IeHHe CTAaTUCTHYeCKOM JIHH3BL.
B pe3ynbTaTe MHOIOYMCIEHHOIO BOCIIpOHM3Beje-
HUS CIy4YaHHBIX ITOBEPXHOCTEM C Pa3IHYHBIMH
3HaUYeHUSIMH ® HaM yAaI0Ch 3aPUKCHUPOBATH 3TOT
3dPexrT.

Peanusanuuga
C mapaMeTpaMHu

CIy4alHOHM  IIOBEPXHOCTH

w;={M=500, 0=11,25, k,=0,025},
w,={M=100, 0=0,2, k,=3}

MOXKeT BBIIVISIAeTh, KaK [I0Ka3aHo Ha pUC. 4. ITOT
BAPHAHT BOCIIPOM3BOAUT OTHOCHTENBbHO cyabo
B3BOJIHOBAHHYIO IIOBEPXHOCTb BOABL C MEJIKOU
psibpro (M3BecTHO, YTO 3adUKCHPOBATH K3 KOC-
MoCa TOABONHBIN penbed Ha CHHUMKAX MOSKHO

i g

Puc. 3. Peaved nogepxHocmu CD-ROM, nony4eHHbIl ¢ NoMo-
Wbto NPO2PamMmbl

Fig. 3. Surface relief of CD-ROM, obtained using the calcula-
tion program

Puc. 4. B380nH08aHHAS N08EPXHOCMb 800bl C MeAKOU psibbio
Fig. 4. Rough water surface with fine ripples

was implemented in the Mathworks MATLAB
software environment. However, in order to make
this model more “flexible”, the final appearance
of the surface Wy(x,y) is constructed as an overlay
(superposition) of two surfaces ¥, and ¥, obtained
by formula (4) with different parameters of

Welx, ) =W(x,y o)+ ¥, y|w,),

where w is a point in the phase space ®={M, g, k}.

Such a modification makes it possible, by select-
ing certain parameters, to construct surfaces of
various types that retain their statistical properties.
For example, in this way you can build a smoothly
polished mirror surface or an undulating ocean
surface with fine ripples.

Puc. 5. X00 nyueli yepe3 8360AH08AHHYH N0BEPXHOCMb
Fig. 5. Path of rays through an agitated surface
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Puc. 6. V1306paxkeHue caemsiuie20 KoAbUa HA IKpaHe

B MOBOJIBHO PeIKHX C/IydasiX; HellpeMeHHBIMHU
YCJIIOBUSIMH IIPH 3TOM SIBJISIOTCSI BBICOKasi IIPO-
3pavyHOCTH BOABL M IITHJIeBas Imoroga [11]).

Ecnu Han LeHTpoM YIaybiieHHS PpacIosio-
SKUTb KOJIBIIEBOM MCTOYHUK IIapaiiebHBIX
Ay4deHr, TO IIPOCIEeAHUB HMX XOJ IIOC/Ie IIpeioM-
JeHHs [OAHHOW IIOBePXHOCThIO (IIOKa3aTelb
npejoMaeHHusT BoAbl n=1,33), MOXHO YBHAETb,
4TO OOJBIIMHCTBO Jy4el CXOOHUTCS HAa HEKOTO-
poMm pacctossHuu oT CHII (puc. 5). IlomecTuB
B MeCTe CXOXKIEeHHUS JIydeH 3KpaH, YBUAUM H30-
6paskeHHe cBeTslero Kosubla (puc. 6), XOTs
M B HEKOTOPOM CTelleHH pa3MblToe IIO CpaBHe-
HUIO C UCXOMHBIM.

OThenbHOoe BHHMaHHe CTOUT YIeJIUTh
BOIIPOCY peIllleHMs 3aJlauyd IIOMCKa TO4YeK Ilepe-
cedyeHHUS JIydel CO CIy4YaliHO HEPOBHOH I1OBepX-
HOCTBIO. 3amada caMa o cebe SIBJIsIeTCS IOCTa-
TOYHO CJIOKHOM. IIpocTor nepebop mapaMeTpoB
37IeMeHTOB IIOBEPXHOCTHU U OIpelesieHHe IIPHU-
HaJJIeXKHOCTH KM TO4YeK IlepecedeHUs Jyda
C COOTBETCTBYIOUIMMM IIJIOCKOCTSIMH MOXKET
IaBaTh OTBET CO 3HAYHTEJIbHOH IIOTPENIHO-
CTHIO M3-3a HAKOIIJIEHHS MAIIMHHON OIMMHOKH,
a pelleHHe 3aHMMaeT 3HAYHUTeJIbHOE BBHIUYUCIH-
TeJIbHOe BpeMs.

X0oTs1 B pacCMOTPeHHOM IIpuMepe BBHAY €ero
IIPOCTOTHI MOXKHO OBIJIO OTPAHHUYUTHCS TPUBUAJIb-
HBIM ITOJXOJOM, ABTOPbI PELIHIH HCII0Ib30BaTh
Hosee yHHUBepCANbHBIN CIIOCO6 C TOUKM 3peHHUS
BpPeMeHHU cYeTa, YTOoObl B Ja/IbHEHIIeM HCII0Ib30-
BaTh JAHHYIO MOJe/Ib IIPHU pelleHUH Oojee CI0XK-
HBIX 3a7a4.
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To check the correct operation of the program,
obtained after the implementation of the model
in MATLAB, and to evaluate its capabilities, we
reproduced the relief of a real surface using an
atomic force scanning microscope. A fragment of
a CD ROM was used as a sample for the experiment.
Below is the obtained surface relief of the sample
(Fig. 2).

To obtain a surface Wy(x, y) of a similar type, the
following parameters w, and w, were selected:

w,={M=1, =2, k,=1,09},
®,={M=100, 0=0,6, k,=1].

One of the implemented surfaces obtained with
such parameters can have the form shown in
Fig. 3.

The next step is the selection of such parameters
of the RUS, at which it would be possible to observe
the appearance of a statistical lens. As a result of
numerous reproduction of random surfaces with
different values, we were able to capture this
effect.

Implementation of a random surface with
parameters

w,={M=500, 0=11,25, k,=0,025},
®,={M=100, 0=0,2, k,=3}

might look like shown in Fig. 4. This option
reproduces a relatively weakly agitated water
surface with fine ripples (it is known that it is
possible to record the underwater relief on images
from space in rather rare cases; high transparency
of water and calm weather are essential
conditions [11]).

If an annular source of parallel rays is placed
above the centre of the depression, then tracing
their course after refraction by this surface (refrac-
tive index of water n=1.33), one can see that most
of the rays converge at some distance from the RUS
(Fig. 5). Having placed a screen at the place where
the rays converge, we will see the image of the
luminous ring (Fig. 6), although to some extent it
is blurred in comparison with the original one.

Special attention should be paid to the problem
of finding the intersection points of rays with
a randomly uneven surface. The task itself is quite
complex. A simple enumeration of the parameters
of the surface elements and determination of their
belonging to the points of intersection of the ray
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Jlyig ornpeneieHMs KOOPAHHAT TOYeK Iiepeceye-
Hua vcxogHas CHII anmmpoKCHMHPYETCS IIOBepx-
HOCTbIO F(f)=0, A1 KOTOPOH 3aTeM peIlaeTcs
CHCTeMa ypaBHEHHUI OTHOCHUTEIBHO §

F(f)=0;
r=ro +¢V§

JaHHasi CHCTeMa CBOAMUTCA K HeJIHHEHHOMY
yPaBHEHHIO C OJHOM HEH3BeCTHOM, TaK Kak
alIIpoKCHMHUpYIOIIAsl IOBepXHOCTh F(f)=0 3anma-
eTCs B SBHOM BHUJe KaK z=f(x,y). OfHaKo MOoTy4YeH-
HOe ypaBHeHHe B obmeM ciay4dae MO’KeT HMeTh
6oJIbIII0Oe YHCIO0 KOPHEH, a IIOTOMY Ha IepegHHUN
IIJIaH BBIXOAHUT OILleHKAa HaYaJbHOro 3Ha-
yeHHUs §.

B paccMaTpuBaeMOM cilydae 9Ta 3ajlada pella-
ercsi nyrem pasbueHus obrnacTu ompeneneHHSs

byHKIUHU f(é):P(Fﬁ&f):O Ha MHOXEeCTBO YacTeHt

U IlepeMHOXeHHeM MeXAy co60od 3HadyeHHH
GYHKIMH Ha COOTBETCTBYIOLIMX I'PAaHHULIAX COCE.-
HUX OTpe3KoB. Ilocie dero BelGHpaeTcs 6imsKkam-
U K HYIIO CIIPaBa OTPe30K, Ha KOTOPOM GYHK-
uus f(§) U3MeHsIeT CBOM 3HAK. Ha 3ToM oTpeske
YTOYHSIETCSI 3HadeHHe § C IIOMOIIBI0 MeTona
OHMCEeKIIUH .

DTOT METOJ, MOXXHO BEKTOPH30BAaTh H TaKUM
obpa3oM HCKaTh KOOPAMHATH TOYeK Ilepeceue-
HHUSl Cpa3y [IJIsl BCeX JIy4eM, YTO SIBJISIETCS €ro
6onBPIIKMM IpeHMYyInecTBOM. K HemocTaTKaM ke
clefyeT OTHeCTH BEpPOSITHOCTD IIPOIIyCKa KOpPHEH.
OJHAKO TaKOW IIOAXOH IO CBOEH IPHUPOLE COOT-
BEeTCTBYyeT pelllaeMOM 3afade, a pa3bueHue obna-
CTH ompefeneHUss GyHKUUH f(§) HA AOCTATOYHO
MeJIKMe YacTH I103BOJIsIeT PacCMAaTPHUBATh BEPO-
STHOCTb IIPOIyCKa KOPHSI KaK IIpeHebpekuMo
MaJIyIo.

3AKJ/TIOYEHWE
[IpuBelleHHBble B HaCTOsIel paboTe pe3ysbTaThl
[IOKA3bIBAIOT, UYTO MacliTabHble BOAHBEIE I1OBEPX-
HOCTH (TakHe KaK MoOpe HJIM OKeaH) JeHCTBH-
TeIbHO MOTYT GOPMHMPOBATH IIPU OIlpee/IeHHBIX
YCJIIOBHAX TUTAaHTCKHE JIMH3BI, Yepe3 KOTOpHIe
MO>KHO HabmI01aTh M3 KOCMOCAa OOBEKTHI, PacIo-
JIO>KeHHBIe I'1y60KO 110/ BOJIOM .

Kpome Toro, mpuMep C BOOHOH IIOBEPXHOCTBIO
U I0BepxXxHOCThI0O CD-ROM rosoput 06 yHHBep-
CanbHOCTH Mojenu, 61aromaps ee CIIOCOOHOCTHU
bopMHUpOBaTE ITOBEPXHOCTH PA3IHYHOU IIPHU-

=

with the corresponding planes can give an answer
with a significant error due to the accumulation of
machine error, and the solution takes significant
computational time.

Although in the considered example, due to
its simplicity, it was possible to restrict oneself
to a trivial approach, the authors decided to use
a more universal method in terms of the computa-
tion time in order to further use this model in solv-
ing more complex problems.

To determine the coordinates of the intersection
points, the original RUS is approximated by the
surface F(f)=0, for which the system of equations
with respect to § is then solved

This system is reduced to a nonlinear equation
with one unknown, since the approximating sur-
face F(r)=0 is specified explicitly as z=f(x,y). How-
ever, the resulting equation in the general case can
have a large number of roots, and therefore the
estimate of the initial value & comes to the fore.

In the case under consideration, this problem is
solved by dividing the domain of definition of the

function f(&):F(Fwéf):O into a set of parts and

multiplying the values of the function on the cor-
responding boundaries of adjacent segments. After
that, the segment closest to zero on the right is
selected, on which the function f(&) changes its
sign. On this segment, the value of ¢ is refined
using the bisection method.

This method can be vectorized and thus search
for the coordinates of intersection points for all
rays at once, which is its great advantage. The dis-
advantages include the likelihood of missing roots.
However, such an approach by its nature corre-
sponds to the problem being solved, and the parti-
tion of the domain of definition of the function
f (&) into sufficiently small parts allows us to con-
sider the probability of missing a root as
negligible.

CONCLUSION

The results presented in this work show that large-
scale water surfaces (such as the sea or the ocean)
can indeed form, under certain conditions, giant
lenses through which one can observe from space
objects located deep under water.
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poAbl BO3HHKHOBEHHSI HEPOBHOCTEHM H HX pas-
JTUYHOIO BUIA.

B KauvecTBe CHIeOyIOIIHUX 3TallOB Pa3sBUTHA
MoAenyr MOKHO PpacCMaTpUBAaTh BKJIHYEHHE
B Hee paccesiHHSI B obbeMe BellecTBa, Haxofslle-
rocsi IoJi IOBePXHOCThI0. B OyayIiemM 3TO OTKpPOeT
IyTh [/1s1 pa3paboTKH yHHBePCAJIPHON MOZeIH
OTpa’keHHU CBeTa OT peaIbHOM II0BePXHOCTH.

Taxoke IepCHIeKTHUBHBIM IIPEACTABISETCA pas-
BHTHE M HCIIOJIb30BaHME METONA MOIETHPOBAHUS
CJIy4aliHO HEPOBHOM IIOBEePXHOCTH, IIPe/JIO>KeH-
Horo B [12]. Ero cyTb COCTOMUT B MOJEIMPOBAHHH
He camom CHII, a To/JBKO TO4YeK IlepecedyeHUSs
nyder c Hewo. TaKoHM IIOAXOA, IIO3BOJIUT CYyILe-
CTBEHHO COKPAaTHUTh BPeMs BBIYHC/IEHHH IO CPaB-
HEHMIO CO CTAHJAPTHHIMHU METOLAMH.
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In addition, the example with the water surface and
the surface of the CD-ROM speaks of the versatility of
the model, due to its ability to form surfaces of various
origins of irregularities and their different types.

As the next stages in the development of the model,
we can consider the inclusion of scattering in the
volume of the substance under the surface. In the
future, this will pave the way for the development of
a universal model for the reflection of light from a real
surface.

Also promising is the development and use of the
method of modelling a randomly uneven surface, pro-
posed in [12]. Its essence consists in modelling not the
RUS itself, but only the points of intersection of the
rays with it. This approach will significantly reduce the
computation time compared to standard methods.
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